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Institute. 

P r e f a c e  
I n  t h e  p a s t  few y e a r s ,  a t  IIASA and o t h e r  p l a c e s ,  
p e o p l e  have  become i n t e r e s t e d  i n  t h e  p h a s e  p o r t r a i t  o f  
s y s t e m s ,  i . e .  i n  a q u a l i t a t i v e  d e s c r i p t i o n  o f  t h e i r  g l o b a l  
s t r u c t u r e  and l o n g - t i m e  b e h a v i o r .  These  t e r m s  a l s o  p ro -  
v i d e  a  n a t u r a l  l a n g u a g e  f o r  t a l k i n g  a b o u t  r e s i l i e n c e .  To 
i l l u s t r a t e  t h i s  c o n c e p t ,  t h e  Energy Program h a s  set u p  a  
series o f  s m a l l ,  s c h e m a t i c  models  o f  a n  economy and i t s  
e n e r g y  s e c t o r .  T h e i r  p h a s e  p o r t r a i t s  a r e  d e s c r i b e d  i n  
t h i s  p a p e r .  
This  paper was o r i g i n a l l y  prepared under t h e  t i t l e  "Modelling 
f o r  Management" f o r  p r e s e n t a t i o n  a t  a  Nate r  Research Cent re  
(U.K. ) Conference on "River  P o l l u t i o n  Con t ro l " ,  Oxford, 
9 - 1 1  A s r i l ,  1979. 
A b s t r a c t  
T o p o l o g i c a l  t e r m s  l i k e  a t t r a c t o r s  and  b a s i n s  a r e  
e x p e c t e d  t o  p l a y  a n  e v e r  i n c r e a s i n g  r o l e  i n  t h e  q u a l i t a -  
t i v e  d e s c r i p t i o n  o f  sys t ems  d e s c r i b e d  by d i f f e r e n t i a l  
e q u a t i o n s .  T h i s  p a p e r  i l l u s t r a t e s  t h o s e  c o n c e p t s  t h r o u g h  
a  d e t a i l e d  s t u d y  o f  t h e  p h a s e  p o r t r a i t s  o f  v a r i o u s  
"economic models"  t r e a t e d  i n  t h e  Energy Program o f  I I A S A .  

ECONOMY PHASE PORTRAITS 
1. Introduction 
During the last year the Energy Program has set up a series 
of models of the development of an abstract economy [1,2,3]. 
These models treat In a phenomenological way the embedding of the 
energy system and ~ t s  tructural changes into the economy 
("economy in transition"). They have been studied with respect 
to the structure of the dynamics in their state space (the phase 
portrait), and this Research Memorandum is intended as a collection 
of the results obtained. 
The aim of this work should not be misunderstood. The models, 
of course, make no claim to numerical predictions, nor are they 
based on detailed understanding of the underlying dynamics. On 
the contrary, we wanted to emphasize the structural-topological 
approach pioneered by Holling [51  in his work on the 
resilience concept and studied by one of us (H.R.G) [6,7]. In 
this spirit, our omission of all numerical values for the para- I 
meter is deliberate. In studying these models, we are more 
interested in the overall picture of the state space than in 
individual trajectories. Moreover, the dynamic assumptions con- 
tained in the model should not be taken too seriously; the quali- 
tative results should be regarded as "topological scenario-writing." 
In short, the models present "myths" as defined by Holling [8]. I 
On the other hand, they are useful despite their shortcomings; 
in training our group in a methodology, as well as in showing 
trends - tne latter, Decause of the structural stability of the 
nlociel. In this way she qualitative predictions can make sense 
even if some of the dynamical details do not. 
2 .  Expla:: ,~ t i o n  of  Terms. 
--- -- - - 
W e  ~ ~ : i - i :  to 3 ~ a i . n t a i n  t h e  .flow a n d  c h a r a c t e r  o f  o u r  w r i t i n g :  
nc;L a 17r:;:::isc: I-' mz t .h [~ ,na t  ic81:l t i i eo ry  b u t  a  v e r b a l  d e s c r i p t i o n ,  
and c n  i n d i c a t . i o n  cf .vrl~a.i; w e  were t .hir;king when d i s c u s s i n g  
. . 
r e s l . l ; e n c e .   WE^ w i l l  t l ~ e r e f o r e  o n l y  i l l u s t r a t e  h e r e  what  t h e  
r e a d e r  shc.uLc3 unde r  s t a n d  by t h e  e x p r e s s i o n s  u s e d .  For  p r e c i s e  
d e f i ~ ~ i t i o n . ;  of t h c s e  terms t h e  i n t e r e s t e d  r c a d e r  i s  r e f e r r e d  t o  
[ 7 ! ;  a rc!>rc: t e ch r - l i ca l  i n t r o d a c t i o n  t..o t h e  methodology  u t i l i z e d  
h ~ r e  c a n  be f i~ur ld  in [ 9 ;  and [ l o ] .  
Wha-t you. wi.11 s e e  i n  t h e  f i g u r e s  a r e  m a i n l y  p h a s c  p o r t r a i t s .  
By t h i s  G;C rne;%n r i  q u ; i l i t . a t i v e  d e s c r i p t - i o n  o f  t h e  s o l u t i o n  c u r v e s  
of  a giver?  s j r s t c m  o f  d i f  f c r e n t i a l  e q u a t i o n s .  I n  c j e n e r a l ,  one  
c a n n o t  t race!  ?rorr; a p h a s e  p o r t r a i t  a p a r t i c u l a r  t r a j e c t o r y  
i2.tart;incj f rom a cjiven i n i t i a l .  c o n d i t i o n ;  but one  c a n  see t r e n d s ,  
t h e  number of  basins ( e x p l a i n e d  b e l o w ) ,  and r e l a t i o n s h i p s  among b a s i n s .  
'rhc terms a t t - r a c t o r  , b a s i n ,  and s e p a r a t r i x  a r e  c l o s e l y  r e l a t e d .  
A n  a t t - a c t o r  i s  a q e n e r a l . i z a t i o n  of  t h e  c o n c e p t  o f  a  s t a b l e  f i x e d  
-- -- 
p o i ? t  ( a  s i r , k ) .  The t e r m  t a k e s  i n t o  a c c o u n t  t h e  f a c t  t h a t  w e  need 
a  ccrnraon no t - i cn  o f  a p l a c e  t h a t  a t t r a c t s  t r a j e c t o r i e s ;  t h a t  p l a c e  
c a n  be of d i n c n s i - o n  z e r o  ( f o r  example a  s t a b l e  f i x e d  p o i n t ) ,  o r  be  
a  rn-3nif'o.l.d of h i ~ h e r  d i ~ ~ . e r s i o r !  (e.c; .  a s t a b l e  c l o s e d  o r b i t ) ,  o r  b e  
a qlore c 3 n p l i c a t e d  se t .  To e d c h  a t t r a c t o r  b e l o n g s  a  b a s i n .  T h i s  
L S  simpl-y t h e  s u b s e t  o f  p h a s e  s p a c e  c o n t a i n i n g  t h o s e  p o i n t s  whose 
: : r a j e c s t o r i e c  t e n d  t o  t h a t  a t t r a c t o r .  
A b a s i c  se t  i s  r e l a t e d  t o  a n  a t t r a c t o r  a s  a g e n e r a l  f ~ x e d  p o i n t  
---- 
i s  t o  a s t a k - l e  o n e .  I ts  s t a b l e  mar l i fo ld  c o r l s i s t s  of t h e  p o i n t s  
-- -- - 
tendi.r:y t o  t h a t  b a s i c  st:]: i n  che f u t u r e .  (Thus ,  t h e  s t a b l e  m a n i f o l d  
o: a,I a t t r a c t o r  i s  i d e n t i c a l  w i t h  i t s  b a s i n . )  I f  a  s t a b l e  m a n i f o l d  
has cliie ci :i,mc.nsi.ion less  t h a n  t2ie s t a t e  s p a c e  i-tself i . e. , i s  a  hype r -  
s u r f a c e )  it i s  c a l l e d  a  s e p a r a t r i x ,  s i n c e  p o i n t s  on  o n e  s i d e  o f  
it have  a  marked ly  d i f f e r e n t  f u t u r e  b e h a v i o r  t h a n  p o i n t s  o n  t h e  o t h e r .  
The b a s i n  b o u n d a r i e s  a r e  t o  be  found among t h e  s e p a r a t r i c e s ;  b u t  
see Model C ( c h a p t e r  5 )  f o r  a n  example o f  a  s e p a r a t r i x  t h a t  i s  n o t  
a  b o r d e r  between two d i f f e r e n t  b a s i n s .  
A g e n e r i c  p r o p e r t y  i s  one  t h a t  h o l d s  f o r  a l m o s t  a l l  ( i n  a  
t o p o l o g i c a l  s e n s e )  e l e m e n t s  o f  a  g i v e n  se t .  
3 .  Model A.  
T h i s  model was p r e s e n t e d  by Htlfe le  i n  [ I ]  t o  d e m o n s t r a t e  t h e  
meaning and  u s e f u l n e s s  o f  H o l l i n g ' s  work on r e s i l i e n c e  t o  t h e  
Energy p r o j e c t .  The model i s  two-d imens iona l  and  h a s  a s  i t s  s t a t e  
v a r i a b l e s  p o p u l a t i o n  P  and p e r  c a p i t a  ene rgy  consumpt ion  e.  The 
myths  c o n t a i n e d  i n  t h e  model a r e  t h e  f o l l o w i n g :  
1. The b i r t h  r a t e  w i l l  d e c r e a s e  w i t h  i n c r e a s e d  s t a n d a r d  o f  
l i v i n g  ( e x p r e s s e d  by t h e  p e r  c a p i t a  e n e r g y  consumption e)  . 
2 .  R i s k  a c c e p t a n c e  by s o c i e t y  w i l l  a l s o  d e c r e a s e  w i t h  i n -  
c r e a s e d  e;  t h u s  t h e  c o s t  o f  s a f e t y  m e a s u r e s  w i l l  r ise.  
3 .  T o t a l  e n e r g y  consumpt ion  w i l l  r ise  p r o p o r t i o n a l l y  t o  
" e f f e c t i v e "  GNP, g i v e n  by GNP i n  t h e  u s u a l  s e n s e  minus  
s a f e t y  e x p e n d i t u r e s .  
4 .  A Cobb-Douglas p r o d u c t i o n  f u n c t i o n  f o r  GNP i s  assumed.  
The f o l l o w i n g  a d d i t i o n a l  v a r i a b l e s  a r e  i n t r o d u c e d :  
E = e 0 P  : t o t a l  e n e r g y  consumpt ion  
I: * : r i s k  a c c e p t a n c e  
K : s a f e t y  e x p e n d i t u r e s  
G : " e f f e c t i v e "  G N P ,  
The e q u a t i o n s  o f  t h e  mo2el a r e  
where a ,  K ,  A ,  p, and A a r e  p a r a m e t e r s ,  and K O ,  Eo, r, are 
i n i t i a l  c o n d i t i o n s .  The number i n  f r o n t  o E  e a c h  e q u a t i o n  r e f e r s  
t o  t h e  c o r r e s p o n d i n g  "myth".  
The p h a s e  p o r t r a i t  ( i n  e and P) i s  shown i n  F i g .  3 .1 .  The 
i n t e r e s t i n g  p a r t  o f  it (e > 0 and P :, 0 )  c o n t a i n s  one  f i x e d  p o i n t - -  
a  s a d d l e  p o i n t ,  whose s t a b l e  m a n i f o l d  ( t h e  s e p a r a t r i x )  d i v i d e s  
t h e  p h a s e  p l a n e  i n t o  b a s i n s  B l a n d  H2. These  b a s i n s  d i f f e r  by 
* *  
t h e i r  a s y m p t o t i c  t e n d e n c i e s  , shown by t h e  r e s p e c t i v e  p a r t s  o f  
u  
t h e  u n s t a b l e  m a n i f o l d ,  w'; f o r  b a s i n  13, and W2 f o r  b a s i n  B2.  
A l l  t r a j e c t o r i e s  o f  b a s i n B :  t e n d  t o  z e r o  p o p u l a t i o n  and 
i n £  i n i t e  p e r  c a p i t a  e n e r g y  consumpt ion;  i n  c o n t r a s t ,  t h e  t r a - .  
j e c t o r i e s  o f  b a s i n R 2  t e n d  t c  a  f i n i t e  p e r  c a p i t a  e n e r g y  con-  
sumpt ion  b u t  i.nf i n i t e  popu la t i . on .  
* I t  seems di . f  f i c u l t  t o  q u a n t i f y  r i s k  a c c e p t a n c e .  IIowever, 
i t  w i l l  be s e e n  t h a t  i n  t h e  e q u a t i o n s  r r e p r e s e n t s  o n l y  a n  
i n t e r m e d i a t e  s t a g e  i n  t h e  r e l a t i o n s h i p  between s t a n d a r d  o f  
l i v i n g  and s a f e t y  e x p e n d i t u r e s .  
* W e  c a n n o t  q u i t e  c a l l  them a t t r a c t o r s :  t h e  t r a j e c t o r i e s  g o  
o f f  t o  i n f i n i t y  w i t h o u t  a p p r o a c h i n g  a  f i x e d  s u b s e t  o f  t h e  p h a s e  
s p a c e  (a f a m i l i a r  problem f o r  non-compact phase  s p a c e s ) .  One 
c o u l d  " c u t  o f f "  t h e  model a t  u t t e r l y  u n r e a l i s t i c  v a l u e s  o f  t h e  
s ta te  v a r i a b l e s  ( e . g .  F < 1) ;  t h u s  WY and W: would end i n  two 
new s t a b l e  f i x e d  p o i n t s  which would s e r v e  a s  h o n e s t  a t t r a c t o r s  
f o r  t h e  b a s i n s .  

4 .  Model B .  
Thi.s model [ 2 ]  was i n t e n d e d  a s  t h e  f i r s t  s t e p  i n t o  a  h i g h e r -  
d i m e n s i o n a l  s t a t e  s p a c e .  A t   he same t i m e  t h e  p u r e  phenomenology 
o f  Model A was brought c l o s e r  t o  e s t a b l i s h e d  t h e o r i e s  o f  economics .  
Model B s p 1 i . t ~  t h e  economy i n t o  two a g g r e g a t e d  p a r t s :  t h e  e n e r g y  
p r o d u c t i o n  s e c t o r  and  a l l  t h e  rest .  Thus t h e  s t a t e  v a r i a b l e s  a r e :  
P  : t o t a l  p o p u l a t i o n  
g  : GNP/capi ta  
E : t o t a l  e n e r g y  p r o d t i c t i o n  
A u x i l i a r y *  v a r i a b l e s  a r e  i n t r o d u c e d :  
G : t o t a l  GNT 
M : t o t a l  c a p i t a l  s t o c k  i n v e s t e d  o u t s i d e  t h e  e n e r g y  
s e c t o r  
: t o t a l  consumpt ion  
: p e r  c a p i t a  consumpt ion  
r : r i s k  l e v e l  (see Model A )  
K : s p e c i f i c  e n e r g y  p r o d u c t i o n  c o s t s  
i : s p e c i f i c  e n e r g y  i n v e s t m e n t  c o s t s  
I O f  iOf rO  : i n i t i a l  v a l u e s .  
Myths 1 (on  p o p u l a t i o n  dynamics)  and  2 (on  t h e  dependence  
o f  e n e r g y  p r o d u c t i o n  and i n v e s t m e n t  costs  on s t a n d a r d  of  l i v i n g  
v i a  r i s k  l e v e l )  are t a k e n  o v e r  from Model A ,  t h e  former  w i t h  t h e  
m o d i f i c a t i o n  of  a  l o g i s t i c  g rowth  o f  p o p u l a t i o n .  I n  a d d i t i o n ,  
t h e  f o l l o w i n g  a s s u m p t i o n s  a r e  i n t r o d u c e d :  
* " A u x i l i a r y n  i n  t-he m a t h e m a t i c a l  s e n s e ;  t h e  v a r i a b l e s  a r e  
economic q u a n t i t i e s  i n  t h e i r  own r i g h t .  But t h r o u g h  t h e  equa- 
t i o n s  of  t h e  model ,  t h e y  cF.n b e  e x p r e s s e d  i n  ternls of  t h r e e  
s t a t e  v a r i a b l e s  ( c h o s e n  i n  a  s l i g h t l y  a r b i t r a r y  w a y ) .  
3 .  A l o g i s t i c  growth of  GNP p e r  c a p i t a  i s  e n f o r c e d .  
4 .  A Cobb-Douglas p r o d u c t i o n  f u n c t i o n  w i t h  t h r e e  pro-  
d u c t i o n  f a c t o r s  (E, P I  and K )  i s  assumed. 
5. ( K - K O )  E h a s  t o  b e  pa id  o u t  of GNP a s  u n p r o d u c t i v e  
s a f e t y  e x p e n d i t u r e s .  
6 .  T o t a l  consumption i s  a  f i x e d  f r a c t i o n  of GNP ( t h e  
" t r a d e  union m y t h " ) .  
T h e r e f o r e ,  t h e  e q u a t i o n s  of  t h e  model a r e  
a  a  a  A and p a r e  phenomenological p a r a m e t e r s .  Pa and gm p r  c r  v '  
a r e  l i m i t i n g  l e v e l s  and K d e n o t e s  t h e  d e p r e c i a t i o n  r a t e  (assumed) 
uni form f o r  t h e  energy  and non-energy s e c t o r s ) .  
According t o  eq .  ( 4 . 5 )  t h e  i n t e r e s t i n g  p a r t  of s t a t e  s p a c e  
i s  d e f i n e d  by g  5 gm. W e  immediately n o t e  t h e  f o l l o w i n g  f e a t u r e s :  
- Fixed p o i n t s  
a )  F ixed l i n e s  a t  g  = 0 ,  P  = Pa, o r  P  = 0  and a r b i t r a r y  E .  
These l i n e s  a r e  i n  any c a s e  a r t i f i c i a l  and r e p e l l i n g  
B )  Two f i x e d  p o i n t s  F1 and F2 a t  g  = g m r  P  = P  - f i x  
acavgOO 
P m U -  a and E = E f i x I l  o r  
P  
- A d i v e r g e n c e  s u r f a c e  a t  
i E B  = My ( 4 . 1 0 )  
where M and  i s h o u l d  b e  e x p r e s s e d  by g ,  P and E v i a  
( 4 . 6 ) ,  ( 4 . 2 ) ,  and  ( 4 . 4 ) .  A t  t h i s  s u r f a c e ,  t h e  e q u a t i o n  
dE f o r  becomes s i n g u l a r .  One n o t i c e s  t h a t  ( 4 . 1 0 )  i s  t h e  d  t. 
c o n d i t i o n  f o r  t h e  o p t i m a l  r a t i o  o f  t h e  p r o d u c t i o n  f a c t o r s  
E and  M. A t  s u c h  p o i n t s ,  dg i s  a l r e a d y  d e t e r m i n e d  f rom eq. dt 
( 4 . 6 )  , and  ( 4 . 8 )  and c a n  no l o n g e r  b e  c o r s t r a i n e d  a s  by 
( 4  - 5 ) .  W e  d e f i n e  Ediv by 
F 
Y ~ / B + Y  
d l v  f i x  
i f i x  = ($)Ai o f 
t h e  v a l u e  o f  E o n  t h e  d i v e r g e n c e  s u r f a c e  f o r  g  = gm and 
P = P  f i x '  The c o r r e s p o n d i n g  p o i n t  i s  d e n o t e d  by D.  F o r  
t h e  m a t h e m a t i c a l  t r e a t m e n t ,  o n e  h a s  t o  m u l t i p l y  t h e  whole  
s y s t e m  o f  e q u a t i o n s  w i t h  t h e  d e n o m i n a t o r  o f  E ,  i n  o r d e r  t o  
*For  &=y t h e s e  v a l u e s  a r e  g i v e n  by: 
G = ( l - a  ) 
E .  - v f 1 x ,  112 9, 2 
2 ( u + K o ( 1 - p )  1 
90 go 
G(1-a ) 
t h u s  f o r  K -+ 0 ,  E f i x , ,  -+ v and E f i x ,  z -+ 0. 4,) 2 K O  ( I - -  
go 
g e t  r i d  o f  t h i s  s i n g u l a r i t y .  T h i s  p r o c e d u r e  i s  n o t  
p u r e l y  f o r m a l ;  i n  f a c t ,  a  l i n e  o f  " s p u r i o u s  f i x e d  p o i n t s "  
a p p e a r s  when b o t h  numera to r  and  d e n o m i n a t o r  o f  E v a n i s h .  
A l though  t h e s e  f i x e d  p o i n t s  a r e  n o t  t r u e  s t a t i o n a r y  s t a t e s  
o f  t h e  model ,  t h e y  n e v e r t h e l e s s  i n f l u e n c e  t h e  p h a s e  
p o r t r a i t .  
A s  soon  a s  t h e  s o l u t i o n  r e a c h e s  t h e  d i v e r g e n c e  s u r f a c e ,  w e  
c a n  o n l y  s t a t e  t h a t  t h e  a s s u m p t i o n s  of t h e  model have  become i n -  
c o m p a t i b l e  ( e x c e p t  f o r  one c a s e  d e s c r i b e d  be low)  . 
W e  f i n d  two d i s t i n c t  p a r a m e t e r  r e g i o n s  c o r r e s p o n d i n g  t o  
t h r e e  t y p e s  o f  p h a s e  p o r t r a i t s .  I n  s k e t c h i n g  t h e  p h a s e  ~ a r t r a i t s ,  
w e  n o t e  t h a t  e q u a t i o n s  ( 4 . 1 )  and ( 4 . 3 )  a r e  i n d e p e n d e n t  o f  E .  ~ h u s  
a l l  t r a j e c t o r i e s  l i e  on c y l i n d e r s  whose b a s e s  a r e  g i v e n  by t h e  
s o l u t i o n  of  t h e s e  two e q u a t i o n s  i n  t h e  ( g , P )  p l a n e .  F i g u r e  4 . 1  
s k e t c h e s  t h e s e  c u r v e s :  
The f i x e d  p o i n t  F  i s  g l o b a l l y  s t a b l e .  I n  t h e  f o l l o w i n g  s k e t c h e s  
w e  show a  t y p i c a l  c y l i n d e r .  
Region I :  E f i x I l  < EdiV.F1 i s  u n s t a b l e ,  F2 s t a b l e .  
OUNDARY 
We d i s t i n g u i s h  two b a s i n s :  i n  t h e  lower o n e ,  a l l  t r a j e c t o r i e s  
t e n d  t o  t h e  f i x e d  p o i n t  F2 ( low E, h i g h  M )  ; i n  t h e  upper o n e ,  a l l  
t r a j e c t o r i e s  sooner  o r  l a t e r  r e a c h  t h e  d i v e r g e n c e  s u r f a c e  where 
e v e l u t i o n  a c c o r d i n q  t o  t h e  model h a s  t o  s t o p .  * Above t h e  d iver- .  
gecce  s u r f a c e ,  t h e  c u r v e s  look a s  i f  t ime  had been r e v e r s e d ;  w e  
w i l l  meet t h i s  s i t u a t i o n  a g a i n  i n  Model. D. 
-- 
*A " s p u r i o u s  f i x e d  p o i n t "  a t  S a c t s  a s  formal  a t t r a c t o r  f o r  
t h i s  b a s i n .  See [ 2 1  f o r  d e t a i l s .  
Region 11: E f i x  > E d i v  . Both f i x e d  p o i n t s  a r e  now s t a b l e .  
I n  t h i s  c a s e  t h e  s o l u t i o n  c y l i n d e r  w i l l  l o o k  d i f f e r e n t r  depend ing  
on t h e  number o f  s p u r i o u s  f i x e d  p o i n t s  i n t r o d u c e d  ( t h e  f i x e d  l i n e  
can  i n t e r s e c t  t h e  c y l i n d e r  i n  0 o r  2 p o i n t s ) .  
Three  b a s i n s  e x i s t :  B 1  and B 2  a r e  t h e  b a s i n s  o f  t h e  f i x e d  
p o i n t s  F  and F2r w h i l e  i n  B ( t h e  b a s i n  o f  t h e  " s p u r i o u s "  S1)  a l l  1 3 
t r a j e c t o r i e s  l i m i t  t h e  d i v e r g e n c e  s u r f a c e .  Between B1 and B2 t h e  
d i v e r g e n c e  s u r f a c e  a c t s  a s  a  boundary.  
Here, the s i tua t ion  i s  very simple: the divergence surface 
separates two basins w i t h  fixed points a s  a t t r ac to r s .  
5 .  Model C .  
T h i s  model  f o l l o w e d  model B and i s  d e r i v e d  from t h e  model 
d e s c r i b e d  i n  [ 3 ] .  I t  a d d i t i o n a l l y  t a k e s  l a b o r  i n t o  a c c o u n t  b u t  
d o e s  n o t  anymore model t h e  r i s k  a c c e p t a n c e  and t h e r e b y  a l s o  t h e  
e x p l i c i t  model1 i n g  o f  t h e  a d d i t i o n a l  s a f e t y  e x p e n d i t u r e s  i s  
o m i t t e d .  B e s i d e s  o f  t h e  i n c l u s i o n  o f  l a b o r  t h e  o b j e c t i v e  f o r  
t h i s  model was t o  a v o i d  t h e  " d i v e r g e n c e  s u r f a c e "  o f  Model B .  
However, t h e  e q u a t i o n  f o r  p o p u l a t i o n  dynamics  i s  a l m o s t  e x a c t l y  
t h e  same a s  i n  Model B .  The myths  o f  t h e  model a r e :  
1. The d i s t r i b u t i o n  o f  GNP G i s  i n t o  t h e  f o l l o w i n g  s e c t o r s :  
P o p u l a t i o n  P I  e n e r g y  E ,  c a p i t a l  K ,  l a b o r  L and  t h e  n e t  i n -  
. . .  
c r e a s e s  o f  e n e r g y ,  c a p i t a l  and  l a b o r  E ,  K ,  L .  
2 .  A Cobb-Douglas p r o d u c t i o n  f u n c t i o n  c o n t a i n i n g  e n e r g y ,  
c a p i t a l  and  l a b o r  a s  p r o d u c t i o n  f a c t o r s .  
3 .  These  two myths  t o g e t h e r  w i t h  t h e  above  men t ioned  e q u a t i o n  
f o r  t h e  p o p u l a t i o n  g rowth  a r e  n o t  s u f f i c i e n t  t o  c l o s e  t h e  
sys t em.  T h e r e f o r e ,  t o  c l o s e  t h e  s y s t e m ,  a  d r i v i n g  myth 
h a s  t o  b e  employed.  I n  t h e  c a s e  of  t h i s  model it i s  t h e r e -  
f o r e  assumed t h a t  i n v e s t m e n t  i s  made i n  t h a t  s e c t o r  which  
y i e l d s  a maximum growth  o f  GNP. Thus ,  w e  have  t h e  f o l l o w i n g  
e q u a t i o n s :  
4 .  max G 
w i t h  t h e  p a r a m e t e r s :  
c p e r  c a p i t a  consumption 
eL s p e c i f i c  c u r r e n t  p l u s  r ep lacement  c o s t s  f o r  eo '  eo'  0 
energy ,  c a p i t a l  and l a b o r .  
E K 
e l ,  e l ,  e: s p e c i f i c  cos t s  f o r  ( n e t )  inves tment  i n t o  energy ,  
c a p i t a l  and l a b o r .  
A ,  a ,  8 ,  y a r e  t h e  u s u a l  p a r a m e t e r s  of  a  Cobb-Douglas 
f u n c t i o n  
growth and l i m i t i n g  p a r a m e t e r s  f o r  t h e  l o g i s t i c  
f u n c t i o n  
ac  
c o r r e c t i o n  f a c t o r ,  l i k e  i n  Model B.  
The way t h i s  model was implemented was t h e  f o l l o w i n g :  I t  was 
. . 
n u m e r i c a l l y  i n t e g r a t e d ,  t h e  i n c r e a s e s  i n  E, K and L have been 
de te rmined  by a  l i n e a r  program i n  t h e s e  t h r e e  v a r i a b l e s  which 
i s  d e s c r i b e d  by 
An a d d i t i o n a l  o p e r a t i o n a l  c o n s t r a i n t  was 
T h i s  i s  t o  s a y  t h a t  t h e  s t e p  s i z e  f o r  numer ica l  i n t e g r a t i o n  had 
t o  be  chosen i n  a  way s o  a s  t o  make s u r e  t h a t  L d i d  n o t  exceed b P .  
I n  o r d e r  t o  s t u d y  t h e  l o n g  t e r m ,  q u a l i t a t i v e  behav io r  o f  t h e  
inodel, it was t r a n s f o r m e d  i n t o  a  c l o s e d  system of  d i f f e r e n t i a l  
e q u a t i o n s  w i t h  t h e  h e l p  of  t h e  f o l l o w i n g  o b s e r v a t i o n s :  F i r s t l y ,  
t h e  most e f f e c t i v e  p r o d u c t i o n  f a c t o r  f o r  inves tment  ( a c c o r d i n g  t o  
o u r  a s sumpt ion  a b o u t  t h e  p a r a m e t e r s )  i s  l a b o r  and c o n s t r a i n t  ( 5 . 8 )  
becomes a n  e q u a l i t y  a l m o s t  immedia te ly .  The n e x t  f e a t u r e  i s  t h a t  
e i t h e r  E o r  K i s  i n c r e a s e d  u n t i l  i n d i f f e r e n c e  (which means a  
d e g e n e r a t e d  s o l u t i o n  o f  t h e  LP) between i n v e s t i n g  i n t o  E o r  K i s  
r e a c h e d .  From t h a t  t i m e  on it i s  o p t i m a l  t o  keep  t h e  E/K r a t i o  
K f i x e d .  T h i s  o p t i m a l  r a t i o  depends ,  among o t h e r s  on  e: and eo. 
T h i s  i s  w e l l  i n  a c c o r d a n c e  w i t h  economic t h e o r y  which s a y s  t h a t  
t h e r e  i s  arl o p t i m a l  mix o f  p r o d u c t i o n  f a c t o r s  g i v e n  a  p r o d u c t i o n  
f u n c t i o n  and a  p r o d u c t i o n  l e v e l  [I1] . 
Fol lowing  t h e s e  o b s e r v a t i o n s ,  t h e  !maximiza t ion  i n  ( 5 . 4 )  h a s  
been  r e p l a c e d  by 
and L = 6 P  ( 5 . 1 0 )  
and  t h e  sys tem Is c l o s e d  i n  a  way t h a t  w e  end up  w i t h  two dynamic 
e q u a t i o n s  f o r  E and P. 
The phase  p o r t r a i t  o f  what w e  c a l l e d  t h e  b a s e  c a s e  (meaning 
t w e  used  a  r e f e r e n c e  set  o f  p a r a m e t e r s )  i s  q u i t e  s imple :  
P 
The p h a s e  s p a c e  c o n s i d e r e d  ( E > O ,  P>O) c o n t a i n s  two 
f i x e d  p o i n t s :  One s a d d l e  p o i n t  ( F , )  and  one  s o u r c e  ( F 2 ) .  
H ~ r e ,  t h e  s t a b l e  m a n i f o l d  o f  t h e  s a d d l e  p o i n t  
i s  a  s e p a r a t r i x  b u t  n c t  a  b a s i n  bounda ry ,  s i n c e  t h e  e n t i r e  p h a s e  
s p a c e  c o n s i s t s  o f  o n l y  one  b a s i n  which  i s  a t t r a c t e d  by t h e  
s t r a i g h t  l i n e  be tween  t h e  p o l n t s  (E=O, P=O)  and(^=^, P=P ) where  f  
Pf i s  d e f i n e d  by E ( 0 ,  P  ) = 0 .  T h e  d i f f e r e n t  f u t u r e  b e h a v i o r ,  a s  f 
menti-oned i n  c h a p t e r  2 c o n s i s t s  i n  t h e  f a c t  t h a t  t r a j e c t o r i e s  o n  
t h e  one  s i d e  o f  t h e  s e p a r a t r i x  g o  o n c e  more a r o u n d  t h e  u n s t a b l e  
f i x e d  p o i n t  t h a n  t r a j e c t o r i e s  o n  t h e  o t h e r  s i d e .  F i n a l l y ,  t h e y  a l l  
end up on  t h e  a x i s  E=O where t h e  model c e a s e s  t o  he meaningful. 
I n  a  p u r e l y  f o r m a l  e x t r a p o l a t i o n ,  t h e  a t t r a c t o r  i s  a  s t a b l e  
f i x e d  p o i n t  a t  P=O and  E < O .  
I n  a d d i t i o n  t o  t h e  j u s t  d e s c r i b e d  b a s e  c a s e  some s e n s i t i v i t y  
a n a l y s i s  h a s  been  p e r f o r m e d .  I n  c o n c l u s i o n ,  w e  w i l l  p r e s e n t  
a p a r t  o f  it showing a  dependence  o f  t h e  p h a s e  p o r t r a i t  on 
t h e  p a r a m e t e r  a c  ( a c S G  was t h e  c o r r e c t i o n  f a c t o r  i n  t h e  p o p u l a t i o n  
e q u a t i o n )  t h a t  h a s  been  v a r i e d  i n  a n  i n t e r v a l  t h a t  seemed r e a s o n -  
a b l e * .  I t  t u r n e d  o u t  t h a t  by d e c r e a s i n g  a  t h e  f o r m e r  u n s t a b l e  C 
f i x e d  p o i n t  F2 c h a n g e s  i t s  c h a r a c t e r  and  becomes s t a b l e .  The 
a c c o r d i n g  p h a s e  p o r t r a i t  i s  shown i n  F i g .  5 .2 .  The p h a s e  s p a c e  
now c o n s i s t s  o f  two b a s i n s  and  t h e  s e p a r a t r i x  becomes t h e  b a s i n  
bounda ry .  
- 
- 
. - 
* S i n c e  t h e r e  a r e  no a n a l y t i c  e x p r e s s i o n s  f o r  t h e  c o o r d i n a t e s  
o f  the. f i x e d  p o i n t s ,  t h e  d i f f e r e n t  c a s e s  ( i n  dependence  o f  t h e  
p a r a m e t e r s )  c a n n o t  b e  d e s c r i b e d  a s  e x a c t l y  as f o r  Model P. The 
r e s u l t s  r e p o r t e d  h e r e  a r e  based  o n  n u m e r i c a l  e v a l u a t i o n s  o f  t h e  
eqga  t i o n s  . 
The q u e s t i o n  a r i s e s  now how t h e  t r a n s i t i o n  be tween  t h e s e  
c a s e s  t a k e s  p l a c e .  S t u d y i n g  t h i s  q u e s t i o n  o n e  r e a l i z e s  t h a t  
two t h i n g s  happened d u r i n g  t h e  t r a n s i t i o n  from t h e  p h a s e  p o r t r a i t  
i n  F i g .  5 . 1  t o  t h e  o n e  i n  F i g .  5 .2 .  F i r s t ,  t h e  f i x e d  p o i n t  
changed  i t s  c h a r a c t e r  and  s e c o n d l y ,  t h e  one  p a r t  o f  t h e  u n s t a b l e  
m a n i f o l d  d o e s  no  l o n g e r  g o  " u n d e r "  t h e  s t a b l e  m a n i f o l d  b u t  s t a y s  
"above" .  Depending o n  which  one  of  t h e s e  two c h a n g e s  happens  
f i r s t ,  t h e r e  a r e  d i f f e r e n t  p o s s i b i l i t i e s  o f  t r a n s i t i o n . *  
*These t w o  t r a n s i t i o n s  c o r r e s p o n d  t o  two well-known b i f u r -  
c a t i o n s  o f  a  v e c t o r  f i e l d  i n  two d i m e n s i o n s :  c o i n c i d e n c e  o f  one-  
d i m e n s i o n a l  s t a b l e  a n d  u n s t a b l e  m a n i f o l d s  and n o n - h y p e r b o l i c i t y  
(=change  i n  s t a b i l i t y )  o f  a  f i x e d  p o i n t .  See  [ l o ]  . 
I n  o u r  c a s e ,  t h e  f i r s t  change  i s  i n  t h e  c h a r a c t e r  o f  t h e  f i x e d  
p o i n t .  T h e r e f o r e ,  t h e  now s t a b l e  f i x e d  p o i n t  h a s  t o  b e  " s c r e e n e d "  
by a n  u n s t a b l e  c l o s e d  o r b i t  ( i n  F i g .  5 . 3 )  which becomes a 
s e p a r a t r i x  and a b a s i n  boundary .  Not b e c a u s e  o f  i t s  r e l e v a n c e  
(it i s  n o t  g e n e r i c )  b u t  j u s t  f o r  c o m p l e t i o n  o f  t h e  s t o r y  t h e  
s p e c i a l  c a s e  be tween F i g u r e s  5 .2  and 5 . 3  i s  shown i n  F i g .  5 .4 .  
T r a n s i t i o n  from F i g .  5 .3  t o  5 . 1  i s  j u s t  t h a t  t h e  c l o s e d  o r b i t  
becomes s m a l l e r  and  smaller u n t i l  it c o l l a p s e s  t o  a s i n g l e  p o i n t .  
There  i s  o n e  f u r t h e r  phase  p o r t r a i t  f o r  t h i s  model which w e  
d o  n o t  show b e c a u s e  it d o e s  n o t  o c c u r  f o r  r e a s o n a b l e  v a l u e s  o f  
t h e  p a r a m e t e r s .  I t  c o r r e s p o n d s  t o  an  i n v e r t e d  sequence  o f  t h e  
t r a n s i t i o n s  ment ioned  above.  
6 .  Model D .  
- 
The model w e  a r e  g o i n g  t o  d e s c r i b e  now h a s  i t s  o r i g i n  i n  
[41 . J t i s  n o t  e x a c t l y  t h e  same a s  d e s c r i b e d  by H a f e l e  f o r  two 
r e a s o n s :  F i r s t l y ,  e q u a t i o n s  have  been  changed  a s  t h e  d i s -  
:assion e v o l v e d  and  s e c o n d l y  i n  o r d e r  t o  proceed  s t e p - b y - s t e p  
s i m p l i f y i n g  a s s u m p t i o n s  h a v e  been  made f o r  t h i s  f i r s t  s t e p .  
> l1he re fo re  w e  a g a i n  end  up  w i t h  a  two-d imens iona l  model  w i t h  t h e  
v a r i a b l e s  E ( t o t a l  e n e r g y  consumpt ion )  a n d  K ( c a p i t a l  s t o c k ) .  
I t s  myths  c o u l d  b e  d e s c r i b e d  a s  f o l l o w s :  
1. Dynamics o f  e n e r g y  and  c a p i t a l  f l o w  c a n  b e  d e s c r i b e d  by 
i n p u t / o u t p u t  t y p e  r e l a t i o n s .  
2 .  The GNP i s  d i v i d e d  i n t o  t w o  p a r t s :  one  p a r t  a c c o u n t s  f o r  
s a t i s f y i n g  t h e  c u r r e n t  demand, t h e  rest  r e m a i n i n g  f o r  i n -  
v e s t m e n t .  
3 .  A Cobb-Douglas p r o d u c t i o 3  f u n c t i o n  f o r  GNP. 
T h e r e  a r e  t h e  f o l l o w i n g  a u x i l i a r y  v a r i a b l e s :  
L : l a b o r  
S : GNP 
a : f r a c t i o n  o f  GNP f o r  consumpt ion  
P  : p o p u l a t i o n  
Now w e  have  t h e  f o l l o w i n g  e q u a t i o n s :  
Paramete r s ;  
a  i j : i n p u t / o u t p u t  c o e f f i c i e n t s  
c : p e r  c a p i t a  consumption 
eE eK eK : s p e c i f i c  c u r r e n t  p l u s  r ep lacement  c o s t s  f o r  
0' 0 '  0 
e n e r g y ,  c a p i t a l  and l a b o r  
eK e; : s p e c i f i c  cos ts  f o r  ( n e t )  inves tment  i n t o  
e l '  1 '  
e n e r g y ,  c a p i t a l  and l a b o r  
n n h  
A ,  a ,  f3, y : u s u a l  pa ramete r s  of a  Cobb-Douglas f u n c t i o n  
Labor L and p o p u l a t i o n  P  a r e  k e p t  c o n s t a n t  o r ,  i n  o u r  language 
one  c o u l d  s a y  t h a t  t h e y  a r e  de termined by a n  autonomous system 
t h a t  h a s  r eached  ( a  s t a b l e )  e q u i l i b r i u m  a s  i n  Model B .  
I n s p e c t i o n  of  e q u a t i o n s  ( 6 . 1 )  and ( 6 . 2 )  shows t h a t  e x c e p t  
f o r  t h e  common f a c t o r  (1-a)  w e  d e a l  w i t h  a  l i n e a r  sys tem.  T h i s  
means t h a t  t h e  g i v e n  system can by t h e  parameter  t r a n s f o r m a t i o n  
be  t r ans fo rmed  i n t o  a  l i n e a r  sys tem i n  T, o r  i n  o t h e r  words t h e  
s o l u t i o n  of t h e  g i v e n  sys tem i s  o b t a i n e d  by s o l v i n g  t h e  l i n e a r  
system and changing t h e  "speed"  a c c o r d i n g l y .  The s o l u t i o n  of  
t h e  l i n e a r  sys tem i s  s t r a i g h t f o r w a r d .  With our a s sumpt ions ,  
it t u r n s  o u t  t h a t  i t s  o n l y  f i x e d  p o i n t ,  F o r  i s  a  s a d d l e  p o i n t  
c l o s e  t o  t h e  o r i g i n  i n  t h e  f i r s t  q u a d r a n t  o f  t h e  ( E , K )  p l a n e .  
The s o l u t i o n  of t h e  l i n e a r  system n e a r  t h e  f i x e d  p o i n t  i s  shown 
i n  F i g .  6.1.  The two b a s i n s  of  t h i s  phase  p o r t r a i t  a r e  o b v i o u s .  
The nex t  s t e p  i n  o b t a i n i n g  t h e  phase p o r t r a i t  of t h e  g iven  
system i s  t o  i n v e s t i g a t e  t h e  "speed- fac tor"  1-a. I f  t h i s  f a c t o r  
.i.s p o s i t i v e  ( n e g a t i v e ) ,  t h e  s ense  of movement i s  kept  ( r e v e r s e d )  
a s  compared t o  t h e  l i n e a r  system. There fore ,  it is of p a r t i c u l a r  
i n t e r e s t  t o  know t h e  s o l u t i o n  o f  t h e  e q u a t i o n  1-a=0  which con-  
s i s t s  of  f i x e d  p o i n t s  o f  o u r  g i v e n  sys t em s i n c e  t h e  " speed -  
f a c t o r "  v a n i s h e s .  S i n c e  w e  assumed 
& + ; + ? = I  a n d ; ,  ; , q > O  
it f o l l o w s  t h a t  + < 1 and  t h e r e f o r e  t h e  s o l u t i o n  f o r  1 - a = O  
i s  a  . c l o s e d  c u r v e  o f  f i x e d  p o i n t s  t h u s  c a l l e d  t h e  " f i x e d  c u r v e " .  
An i m p r e s s i o n  o f  t h e  f i x e d  c u r v e  i s  g i v e n  i n  F i g .  6 .2 .  The i n -  
s i d e  o f  t h i s  c u r v e  c o n s i s t s  o f  p o i n t s  w i t h  ( 1 - a ) > O  and t h e  s e n s e  
o f  mo t ion  i s  n o t  changed  a s  compared t o  t h e  l i n e a r  s y s t e m .  The 
c o n t r a r y  i s  t r u e  f o r  t h e  o u t s i d e :  1-a i s  less  t h a n  z e r o  and  t h e  
s e n s e  o f  m o t i o n  i s  r e v e r s e d .  
I n  carder t o  c o m p l e t e  t h e  d e s c r i p t i o n  o f  t h e  p h a s e  p o r t r a i t  
t h e  n a t u r e  o f  t h e  f i x e d  ~ ~ c ~ i n t s  h a s  t o  b e  d i s c u s s e d :  The f i x e d  
p o i n t  o f  t h e  l i n e a r .  s y s t e m  r e m a i n s ,  o f  c o u r s e ,  o n l y  t h e  s t a b l e  
and  t h e  u n s t a b l e  m a n i f o l d  i n t e r c h a n g e  t h e i r  n a t u r e  b e c a u s e  t h e  
f i x e d  p o i n t  l i e s  i n  t h e  o u t s i d e  o f  t h e  f i x e d  c u r v e .  Now, l e t  
u s  l o o k  f o r  t he  proper t ies  o f  t h e  f i x e d  p o i n t s  t h a t  l i e  on  t h e  f i x e d  
c u r v e .  The f i x e d  c u r v e  c o n s i s t s  of  f o u r  s e g m e n t s - - s e p a r a t e d  by 
f o u r  p o i n t s - w i t h  f i x e d  p o i n t s  o f  t h e  same n a t u r e .  Two of  t h e s e  
s egmen t s  c o n s i s t  o f  s t . a b l e  f i x e d  p o i n t s  and  t h e  o t h e r  two con-  
s i s t  o f  u n s t a b l e  o n e s  w h e r e a s  t h e  f o u r  s e p a r a t i n g  p o i n t s  show 
neutra l  s t a b i l i t y ,  The c o n s e q u e n c e s  f o r  t h e  p h a s e  p o r t r a i t  a r e  
given i n  F i g u r e s  6 .2  and  6 . 3 .  The f o u r  above  men t ioned  s p e c i a l  
( o r  e x t r e m a l )  p o i n t s  a r e  d e n o t e d  by P I  t h r o u g h  P q  a n d  i n  t h e s e  
p o i n t s  t h e  t a n g e n t s  f o r  b o t h  t h e  f i x e d  c u r v e  and  t h e  t r a j e c t o r y  
c o i n c i d e .  To e i t h e r  o f  t h e  t w o  s t a b l e  s e g m e n t s  b e l o n g s  a n  
a c c o r d i n g  b a s i n  o f  a t t r a c t i o n .  The l a r g e r  o n e  o f  t h e  two ,  B 2 ,  


which  b e l o n g s  t o  t h e  s t a b l e  segment  be tween  P I  and  Po  i s  s k e t c h e d  
i n  F i g .  6 . 2 .  T h i s  f l g u r e  i s  n o t  q u i t e  c o r r e c t  i n  s o  f a r  a s  it 
d o e s  n e t  shcjw b a s l n  B b u t  t h i s  i s  d u e  t o  t h e  b i g  d i f f e r e n c e  1 '  
1,1 s1zeL; o f  t-hose t w o  b a s i n s .  However, t h e  d e t a i l s  c o n c e r n i n g  
b a s i n  0, which  b e l o n g s  t o  t h e  s t a b l e  segment  P2-P3 c a n  b e  s e e n  
o n  F i q .  6 . 3 .  
The r e s t  c f  t h e  p h a s e  s p a c e  c o n s i s t s  o f  what  i s  l e f t  o f  
t h e  two b a s i n s  o f  t h e  l i n e a r  s y s t e m  ( o f  c o u r s e  n o t  t h e  b a s i n s  
of F i g .  6 . 1  b e c a u s e  o f  t h e  r e v e r s e d  s e n s e  o f  m o t i o n  o u t s i d e  
t h e  f i x e d  c u r v e ) .  I n  F i g s .  6 .2  and  6 . 3  t h o s e  a r e  d e n o t e d  by 
R.> a n d  E q .  
To a n a l y z e  f u r t h e r  p o s s i b i l i t i e s  f o r  t h e  p h a s e  p o r t r a i t ,  
w e  p e r f o r m  a c h a n g e  o f  c o o r d i n a t e s  and  t h e r e b y  t r a n s f o r m  t h e  
t r a j e c t o r i e s  o f  t h e  l i n e a r  s y s t e m  m e n t i o n e d  a b o v e  i n t o  s t r a i g h t  
l i n e s . *  T h i s ,  o f  c o u r s e ,  d e f o r m s  t h e  f i x e d  c u r v e  a s  w e l l .  The 
c l a s s i f i c a t i o n  o f  a l l  p o s s i b l e  p h a s e  p o r t r a i t s  c a n  now b e  p e r -  
formed t h r a u g h  c l a s s i f y i n g  t h e  f o l l o w i n g  s i t u a t i o n  ( F i g . 6 . 4  ) :  
GE OF FIXED CURVE 
TRAJECTORIES 
OF LINEAR SYSTEMS 
+Of  c o u r s e ,  t h i s  c a n  o n l y  b? d o n e  i n  t h e  "right-half plane" 
c:e: ~r r : i t cd  c y  t h e  u n s t a b l e  m a n i f o l d  o f  F  0' 
E s s e n t i a l  i n  t h i s  p i c t u r e  a r e  o n l y  t h e  r e l a t i v e  l o c a t i o n s  of  t h e  
minima and maxima ( P I  t o  P 4 )  w i t h  r e s p e c t  t o  e a c h  o t h e r  and t o  t h e  
" d i s t i n g u i s h e d  t r a  j e c t o r l r "  To  - There  a r e  s e v e r a l  c o n s t r a i n t s  
t o  d e l i m i t  t h e  p o s s i b l e  s t r u c t u r e s ;  e . g . , ~ ,  i n t e r s e c t  t h e  image of  
t h e  f i x e d  c u r v e  a t  most  t w i c e .  
The f o l l o w i n g  p h a s e  p o r t r a i t 5  c a n  o c c u r  ( f o r  c l a r i t y  w e  show 
thein i n  t h e  new coordina.!-.e sys t em,  a s  i n  F i g . G . 4 )  . O t h e r  p o s s i b l e  
phase  p o r t r a i t s  do n o t  o c c u r  f o r  r e a s o n a b l e  vali.les o f  t h e  p a r a m e t e r s .  
Fi .g .6 .5 .  4 e x t r e m a ,  To i n t e r s e c t s  f i x e d  c u r v e  
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